BQ GIAO DUC VA PAO TAO
DAl HOC DA NANG

TRAN QUANG CONG

HAM LOI VA MOT SO BAT PANG THUC

Chuyén nganh : Rivng phap Toan &cip
Ma & : 60-46-40

TOM TAT LUAN VAN THAC S KHOA HOC

Pa Nang - Nam 2011

Cong trinh dwgc hoan thanh i
PAI HQC PA NANG

Nguwdi hwéong din khoa hoc:
TS. Truong Van Thuong

Phan bign 1: TS. CAO VAN NUOI
Phan bién 2: GS.TSKH. NGUYEN VAN MAU

Luan vian s dwoc bao & trwéc Hi dong cham.
Luan van tét nghiép thac S khoa hoc hop tai Pai hoc
Pa Ning vao ngay 28 thang 5am 2011.

C6 thé tim hiéu lugn vin tgi:
- Trung tdm Théng tin-H oc liéu, Pai hoc Pa Nang
- Thwr vién trwang Pai hoc Sr pham, Pai hoc Pa Nang




MO DAU
1. Li DO CHON BE TAI

Trong clrong trinh toan bc phd théng lt dang thic 1a bt noi
dung khoddi vai hoc sinh I ca hoc sinh gbi trong doi tuyén toan.
Trong Hu hét cac ki thi ke sinh gbi cap thanh ph, tuyén sinhdai
hoc, cac ki thi géc gia, quc t va khu wc, bai toan Bt dang thrc
thuong xuyén xdt hién va né gay khong it kho kh cho ngoi lam
toan.

Diéu dac biét cua cac bai toandvbat dang thic 1a kho, thm chi la
rat kho nhing ching ta cé thgiai né hoan toan ang phrong phap
so cap, khéng wot qua gbi han oia toan ph théng. Dodd ching ta
can phii nam vai K thuat chang minh @t ding thic bing phrong
phap & dién, dé giai quyét mot b bai toan Bt ding thic co lién
quandén chrong trinh toan ph théng.

V6i nhiing 1i dodé t6i chpn dé tai “Ham 16i va mpt 6 bdt ding
thiec” mot phan naodé dap eng mong mén caa kin than ¢ mot dé
tai phu kp V6i chuong trinh danghoc ma sau nay c6 éhphuc wu
thiét thuc cho véc giang cay cua minh trong nhaibdng pto théng,
dong thoi ciing la tai léu tham ko hiru ich cho ai quan tadén van
dé nay.

Pé tai quan tam nku déi tugng, trongdé trong tam laing ding
cua Bat dang thrc Jensen va® dang thic Karamataié giai cac bai
toan \& bat dang thrc luong giac, At ding thic dai sb hoan toan phu
hop Vi thuc t tai trudng pro théng.

2. MUC PICH NGHIEN C UU

Muc dich aia dé tai nay 1a trinh bay céétthdng ly thuyét ham bi

va nhing kit ding thic trong tam ¥ ham bi. Saudé dua raung
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dung aia cac Bt dang thic naydé chaing minh nét s bai toan co
lién quan.

3.POI TUQNG VA PHAM VI NGHIEN C UU

a.Poi twgng nghién aru

Nghién éu ly thuyét tong quat ¢ ham bi @& trinh bay cé &
thong. Nghién ¢u Bat dang thic Jensen, & ding thic Karamata va
cacung ding aia no.

b. Pham vi nghién aru

Nghién 6u tir c4c tai lBu, cac gido trinh&/bit dang thic caa cac
tac gi co6 lién quantt do trinh bay plong phap cing minh phu
hop.

4. PHUONG PHAP NGHIEN CUU

Nghién @u céc tai Eu tir trang web toandt, cac &p chi toan hc
tudi tré va cac giao trinh co lién quaén dé tai dé tong hop lai. Sau
d6 trinh bay c6 &théng va phat tén phrong phap ching minh kp
Ii.

5. Y NGHIA KHOA H QC VA THUC TIEN CUA PE TA|

Pé tai he thong kién thirc vé ly thuyét ham bi va mot b bat dang
thec vé ham bi, trinh baytng ding aia Bit dang thrc Jensen,
Karamatadé chaing minh hang lat bai toan Bt ding thic ¢ truong
phd théng.

Pé tai phu kyp cho vic giang day boi dudng hoc sinh trung he
phd théng.Dong gop thét thuc cho vic day va hyc bit dang thic
trong trong trung lic phb théng,dem ki niém dam mé sangab cac
bai toan ¢ bat dang thic.

6. CAU TRUC LUAN VAN
Ngoai pn mo dau va Kt luan, luan van gdm ba clrong.
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Chuwong 1: Kién thic chuén bi. Trong clrong nay ching téi trinh
bay c6 I théng cac kén thrc oo ban vé ham bi.

Chwong 2 Mgt sb bat ding thic V& ham 16i. Trong clwong nay
ching téi trinh bay haib dang thic lién quandén ham bi la: Bat
dang thic Jensen, & dang thic Karamata, cadinh li va not s ap
dung.

Chuwong 3 Ap dung bit ding thiec vé ham I6i dé giai mét sb bai
toan W@ bat ding thirc o cip. Trong chrong nay ching téi trinh bay
c6 ke théng ung ding aia Bat diang thic Jensen va & ding thic
Karamatadé giai cAc bai toan & bat ding thic luong giac trong tam
giac va lat dang thirc dai sb.

Chuong 1

KIEN THUC CHUAN BI
1.1Pinh nghia ham bi
DPinh nghia. Ham $ f(x) duoc goi 1a ham bi (16i dudi) trén #p
[a )00 néu voi moi x, X,0[a b va Wi moi cap & duong
a, f cong a+ B =1tadéu co

flaxg+Bx)saf(x)+Bf(x). (1.1)
- Néu diu “=" xay ra trong (1.1) khi va dtkhi % = x, thi ta n6i ham
s6 f(x) 1a ham i thuc ar (chat) trén[a, b) .
- Néu trong (1.1) Bt dang thic xay ra nagroc chiéu thi f(x) 1a ham
I6m trén[a, b) .
-Takihgucacip[a b),(a b, (a B, [a Blal(ab).
Nhdn xét 1.1.
il Ham $ f(x) goi la 16m trénl(a, b) néu —f(x) 1a ham bi trén
I(a,b).
il Khi x<x thi x=ax+Bx%0(x %), 0a, >0:a+L=1
va azﬂ, B= X~ % .

X2 =% X=X

1.2. CAc tinh clit ham 15i
Tinh chdt 1.1. Néu f(x) 1a ham &i (Ism) trén I(a,b) thi
g(x) = c f(X laham 16m @i) trén | (a, b) khi c<O0.




;
Tinh chdt 1.2.Téng hiu han cac hamdi trén | (a, b) |a ham bi trén
I, b).

Tinh chat 1.3. (Xem [3]) Néu f(x) la ham lién dc va bi trén
I(a,b) va réu g(x) la ham bi va dong bién trén ép gia ti cia
f(x) thi g(f(x) & ham i trén I (a, b).

Tinh chdt 1.4.(Xem [3])

i/ Néu f(x) 1a ham lién wic va Idm trénl (a, b) va hamg(x) 16i va
nghich bién trén p gia ti cia f(x) thi g(f(x) la ham éi trén
I, b).

i/ Néu f(x) la ham lién tc va Idm trénl (a, b) va hamg(x) 16m
va dong bién trén &p gia ti caa f(x) thi g(f(x) la ham 16m trén
I, b).

jii/ Néu f(x) 1a ham lién wic va bi trén I (a, b) va hamg(x) 18m va
nghich bién trén @p gia ti caa f(x) thi g(f(X)) 1a ham 16m trén
I, b).

Tinh chdt 1.5. Néu f(x) 1a ham 8 lién tuc vadon diéu (dong bién
haic nghich bién) trén | (a, b) va réu g(X) la ham ngoc aia f (x)
thi ta c6 Kt luan sau:

i/ f(x) 16m,dong bén « g(x) 15i, dong bién.

i/ f(x) 18dm, nghich bén < g(x) 16m, ngtich bién.

iii/ f(x) 15, nghich bén < g(x) 18i, nghich bién.

8

Tinh chat 1.6. (Xem [9]) Gi& sir f1(x), (%), ..., f, (X) la cac ham
15i trén 1(a,b). Cho A >0, 0Oi=1..n. Khi d6 ham $
A F1 () + Apfo(X) +...+ A, £,(X) ciing 1a hamai trén | (a, b) .
1.3 Mgt sb dinh Ii vé ham 6
Dinh Ii 1.1. (Xem [3]) Neu f(x) la ham ki vi trén 1(a, b) thi
f(x) 1& ham &i trén I (a, b) khi va chi khi f (x) 1& hamdon diéu
tang trénl (a, b) .
DPinh Ii 1.2. Néu f(x) la ham ki vi bac hai trén I(a,b) va
f'(x)=0,0x0 1 (a, b) thi vi moi cip x, %, 0 1(a, b) tadéu cé

(02 F0p)+ FOp)(x=%). (1.2)
Dinh 1i 1.3. Néu f(x) kha vi bat hai trénl (a, b) thi f(x) 15 (15m)
trén I (a, b) khivactikhi f (x)=0 (f (x)<0) trénl(a, b).
Dinh Ii 1.4.(Xem [3]) Néu f(x) 15i trén (a, b) thi ©n tai cacdao
ham ndt phia f_(x) va f,(x) véi OxO(a b) va f_(x) < f,(X).
Hé qui. Cac hamé f.(x) va f,(x)1a nhing hamdon diéu ting
trong (a, b).
Dinh 1i 1.5. Néu f(x) 1di trén (a, b) thi f(x) lién tuc trén(a, b).
Nhgn xét 1.2 (Xem [3]) Ham bi trén [a, b co thé khong lién ac

tai dau mat Giadoan [a, b .
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Dinh 1i 1.6.(Xem [3]) (Bdt dang thic Jenseh
Gia sir f(x) lién tyc trén[a, b] . Khi d6 diéu kién cin vada dé ham

6 f(x) 1ditrén 1 (a, b) la

f(XlJ;Xz)s f(xl);f(XZ), O%, %0 1(a, b). (1.3)

Pinh 1i 1.7 (Xem [3])(diéu kién dui cho tinh bi ciia ham 8).
Gia sir f(x) cddao ham ép hai trong(a, b). Khi d6 diéu kién cin
vada dé ham § f(x) 18i 15m) trén (a, b) Ia

£ ()20, (f (x) <0)0x0 (a, b). (1.4)
Pinh i 1.8. (Xem [3]) Cho ham& f(x) c¢6 f (xX)=0 trén I(a, b)
va g st X, %0 1(a, b) Voi % < %,. Khi d6 véi moi ddy $ ting din

{u} trong (@,%): % = U< U< h<...< L,l]<¥ va day 6

giam din {v} trong (szz, %) ﬂzxz<vn<vn_l<...<\i< b= %
théa u; + v; = x + %, " j= 0,...,n Tadéu c6

fuo)+ F(vo)2 )+ f()2 f(w)+ f(vg)2...2 f(w)+ { y)
NGi cach khac daf f (u;)+ f(v;)} 12 mbt day gam.
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Chuong 2
MOQT SO BAT PANG THUC VE HAM L Ol
2.1 Bat ding thiec Jensen
2.1.1 Bit ddng thiec Jensen dng oo bdn
Gia sir f(x) lién tuc trén [a, b]. Khido diéu kién cin vada dé ham

6 F(x) 1ditrén 1 (a, b) la

f(le;ijS f(xj);f(XZ) . Ox. %01(ab).

2.1.2 Bit ding thiec Jensendng quéat (Xem [8])

Gia st f(x) 1a ham éi trong (a, b) Vsi X, X, ..., %, (a, b) va

ay, Ay, ....a,> 0 +a,+..+a,=1 taco
af(x)+...+a,f(X)2 flax+..+a,%,).

Nhd@n xét 2.1.Cho ham & f(x) lién tuc trén (a, b). Khi d6 cac

ménh dé sau lawong duong.

i/ f(x) 1ahambitrén (a, b).

i/ f(XlJ;XZ)s f(xi)“;f(XZ), Ox, %0(a, b).

iii/ V &i moi sb nguyén dong nva moi x (a, b),i=1,..,n taco

pAt ety TOO* TO) -+ T0n)
n n

iv/ V6i moi x 0(a, b), véi moi A>0,i=1..nvad+A,+..+4 =1
ta CO f (AXy + ApXo+ ... ¥ A%, ) S A F(X) + A (X + ..t A, T( ).



11
2.1.3 Mpt s dinh i vé Bat ding thirc Jensen
Pinh li 2.1.Cho ham & y= f(x) 16i va c6dao ham dp hai trong
khoang (a, b). Ching minh &ng Wi moi x, %, 0(a, b), x< % va

v6i moi £ (0< €<%, — %), taludn cé Bt dang thic kép sau

FO)+ F(xg) o fOq+e)+ f(x2—£)>f( X+ xzj
2 - 2 - 2 )

Nhgn xét 2.2. Bit dang thic trénda “lam chit” hon Bat dang thic
Jensen trong hanil
Pinh [i 2.2. Néu f(x) la ham i va x, X, ..., %, thudc mién xac

dinh dia no thi

N e AN R Yt ), o Ot X
igllf(x) f( . jz n{f( 5 j+...+f( 5 j+f( 5 ﬂ

Pinh 1i 2.3. (Xem [9]) Néu f(x) la ham éi va &, a,, ..., &, thuc

mién xacdinh aia no thi
(=D f@)+ f(p)+..+ f()<q f(a)+ f(a)+.+ f(g)- (g

Trongdd a=

+a, .+ -
ATBTTE 3y =178 og .
n n-1

2.2 Bt dang thirc Karamata

Trudc khi phat béu Bat dang thic Karamata ta phatéi dinh ngha
va cac tinh cht caa b troi nhu sau

2.2.1 Pinh nghia by trgi Cho hai b &5 a=(a, &, ..., d) va
b=(hb, b, ... k). Tandi b a troi hon by b dugc ki hiéu 1a a>-b

néu ching tha man cadiéu kién sau:
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a=a,>..> a,

b=b,>..2h
ytapt..tg2h+b+. .+ R, Ok=1..,n

ytat..tg=h+b+..+h
2.2.2Cdc tinh chit cia bj tri
Tinh chit 2.1. V6i bd 6 (ay, &, ..., 8,) VA a2 a=...2 g, ta co

(a, 8,.., &)~ (& &, ..., 9. Trongdo azw_

Tinh chit 2.2. (Xem [1]) Cho hai B 5 (a, &,..,&) va
(b, by, ..., Iy,) thoadiéu kién

bh=b,2..2h,
ytat+t..tgz2h+bh+.+b, Oi=l.. . N

ytat..tg=h+bh+..+ B
Thi (al, &, o) = (B By o ).
Trongdd (afl a, ..., aq) la b5 5 nhan duoc tir bo 5 (ay, &, ..., &)
bing cach &p xép &, a,, ..., d, theo thir ty giam dan.
Tinh chit 2.3.(Xem [3]) Néu & >a,>..2§,>0, h=h,>..2 >0

a0 choa, + & +...+ @, = h + b+ ..+ b va izg, Oi<j thi
a b

(a, @, ... &)~ (B, b, ... ).
2.2.3 Mpt & dinh |i vé Bt ding thiec Karamata
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Dinh li 2.4 (Xem [3]) (Bdt diang thic Karamatd. Cho hai day &
{%. Y Ol(a b), k=1,...,1} théa mandiéu kién:

XX 2.2 %, U2 Hh2.2 Y
X +Xot. . t %2 Yt Bt .t y, Oi=1,..n:

X+ Xt X =Yt Yty

Khi d6 vsi moi ham bi f(x) trén I (a, b) tadéu co

fOQ)+ F00) +..+ £06)2 f(yw)+ f(w)+..+ f(y).
Nhdn xét 2.3.
i/ Néu f(x) la ham I6m va(a, &, ..., &)= (b, b, ....B) thi ta
duoc bit dang thic ngroc chiéu sau

f(a) + f(ap) +...+ f(a)s f()+ f(p)+..+ ().
il Trong Binh Ii 2.4 u biét f (x)=0 trén (a, b) thi diéu kien
X ot X = Y+, duoC thay Bng g +..+ X, 2 Y+t Y.
il Gia sr ayza,>..2q,. Lic d6 (&, &,....a)>(a a....d,

trong do a=AtBYTH g, f(x) la ham bi, dya vao Bit
n
dang thic Karamata tauoc
a+.+a, o ,
f(a)+...+ f(g,)= nf| =—— (Bat dang thrc Jensen)
n

Do d6 Bat ding thrc Jensen laddng hyp dac biét caa Bat ding thrc
Karamata.

DPinh 1i 2.5 (Xem [5]) @4t ding thic T.Popovici). Cho f(x) la
ham bi trén 1 (a, b), Ox, y, zO I(a b tadéu co kit dang thic
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X+y+z Xty y %
f(x)+f(y)+f(z)+3f( 3 JZf(—2j+2f(—23+2f(—zj

Nhgn xét 2.4. Binh Ii trén 1a Mt moé rong thit sy cua cac Kt qua
quen bét (Bat ding thic Jensen)&ham bi. That vay theo Bit dang
thirc Jensen thi

ot (52 (57 ()

van(X+y+Z)sf(X+ y)+f( bl ?+f( il j‘
3 2 2 2

Ta khong té cong hai ft ding thic ngroc chiu & trén. Do gy Bét

dang thic Jensen khéng &hching minh duoc Bit ding thic
T.Popoviciu.

Hé qui. Cho f(x) la ham éi trén I(a,b), Ox y, zO I(a b,
0< a < 3 ta c6 lt dang thic

o] () (5 (5]

Pinh 1i 2.6 (Xem [5]) (Bdt ddang thic A.Lupas.
Cho f(x) 1a ham bi trén 1 (a, b) . Vi moi bo sb duwong p, g, r>0

va Ox, y, zO I(a b) ta c6 lt dang thic

p+tg+r

>(p+q>f( ]+(q+ r)f[qy+ j+( r+ )f( 2 pj
p+q q+ rp

pf () + af(Y + (I +( p+ o ) {wjz
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Nhdn xét 2.5. V6i p=q=r=1 thi Bat dang thic A.Lupas té
thanh Bit dang thic T.Popoviciu.
Pinh 1i 2.7. (Xem [6]) Néu f(x) la ham biva a, a, ..., 8, thusc
mién xacdinh aia no thi
f(a)+...+ f(a,)+n(n-2) f(a)= (-1 f(p)+ ..+ f(Rh].

a:ai+a2+...+qq ap=12"8 na- q i=1
n n-1"

Pinh li 2.8.(Xem [6]) Néu f(x) la ham éi va &, a,, ..., &, thuc

Trongdo o

mién xacdinh aia no thi

(n-2)[ f(a)+.. +f(aq)]+nf(a1 j 2y f[ai;ajj.

I<i<jsn

Nhgn xét 2.6. Khi n=3 ta thu dugc két qua Bat dang thic
T.Popoviciu.

2.2.4D¢ gan déu va thir tur sip dwoc cia mpt day cac tam giac
Pinh nghia 2.1.

- Cho tam gid@ABC tuc A, B, C la ba goc ¢a tam giacABCva A,
B, Ccbdon vi la ratian.

- V6i moi tam giacABC ki higu dyage=max{ A,B,G - mi{ A, B,¢
va ®i Jpapc 12d0 gin déu cia tam giaAABC.

Pinh nghia 2.2. (Xem [3]) Véi mdi cip tam giac AB,C va
A,B,C, théa mandong thyi cacdiéu kién:

mex{A, B, Gtsmax{ A, B, GG va min{A, B, G2min{ A B G
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Thi ta n6i gp tam giacA B,C, va A,B,C, la cip sip duoc thi tu va
tam giac A B,C, gan déu hon tam giacA,B,C,.
Nhdn xét 2.7 Tam giaadéu gin déu hon moi tam giac khac.
Nhdn xét 2.8.Trong céc tam giac khdong ¢inthi tam giac vuéng céan
gan déu hon.
Pinh Ii 2.9. Cho tam giacA,B,C, gan déu hon tam giacA B,C, va

chohamé f(x) co f (x)=0 véi moi xO(0, 77). Khi d6
f(A)+ f(B)+ f(C)= f(A)+ f(B)+ (C).
Tuong tr néu f (x)<0 thi
fF(A)+1(B)+ (< f(AH+ (B)+ (.

2.3 Mgt sb ap dung vé Bit ding thiec Jensen va Karamata
Sauday ching taadung Bit ding thic Jensenté ching minh not
sb bat ding thic kinh dién nhr: Bat ding thic AM - GM, Cauchy,
Bernoully, Bunhiakopski, Holder,...Cadthding thic nay &t quan
trong vi né 1a o sd dé ching minh At nhiéu bat dang thic khac va
d6 1a nhing kit dang thic hay gp nhit (dudi dang trong minh héc
khéng trong minh). Ta xét cac bai toan sau:

Bai toan 2.1.(Bdt dang thic Bernoully).

Ching minh BngOx >0, a >1tacox? +a-1=ax.

Bai toan 2.2.(Bdt ding thic AM - GM.

Cho n $ thuc khéng am x;, %,, ..., %, . Ching minh &ng

n
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Bai toan 2.3. (Xem [2]) (Bdt ddng thic Cauchy.
Cho 2n é thuc &, &, ..., &, i, b, ..., . Ching minh &ng

(8° + "+ 4 307+ B+t B2 (Al 3+ .+ g R
Bai toan 2.4.(Xem [2]) Bdt ding thic Minkowsk).
Cho hai déy& khéng amay, a,, ..., g, va by, b,,..., . Ching minh
ring Jayao..a +Jb..h < (a+ B)(a+ B)..(a+ p).
Sauday ta xét mt so bai toan ap dng lién quandén Bdt dang thic

Karamata .
Bai toan 2.5. Ching minh &ng Wi moi tam giac ABC khéng nln

ta lubn co
A B C ) . )
a/tan5+tan5+ tanEZZ\/E—l. b/ sinA+ sinB+ 3|nC§1+\/§.

Bai toan 2.6.(Xem [1]) Xét § n & duong &, &, ..., &, thoa man
diéu kién a.a,...a, = 1. Chiing minh &ng
1, .n1 1 1. 1 1
g +ay +..+a T+ n(n-2) (n—1{—+—+ +—J
8 & &

. X y2 v s
Nhgn xét 2.9.V6i n=3 vag =—, a=-—, ag=— ta co at dang
yz zX Xy

thac quen bt 8+ yP+ 2+3(xy3222(y 2+ 3 % X .
Bai toan 2.7. Gia sir a b, c d la cac 8 duong thva man

ab+ bc+ cd+ da=4 Ching minh &ng

(1+%j(1+%)(1+—§)(1+%)2 @+b+c+ d)z.
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Chuong 3

AP DUNG BAT PANG THUC VE HAM L Ol

PE GIAI M QT SO BAI TOAN
VE BAT PANG THUC SO CAP

3.1 CAc bai toan @ tinh chat ham 16i va bat dang thiec Jensen
3.1.1 Ching minh hit didng thirc lwong giac ding ddi xiing

Tinh clt caa ham éi dugc van dung c6 héu qua dé ching minh
céac hat dang thic luong giac,dic biét [a cac lat dang thic luong gidc
dang d6i xing trong tam gidc. c ching minh cac &t dang thic
trong tam giac cm mot ti 1é khéng nlo trong céac bai toanrbng
giac & truong phd thdng. O nhién ngoai \ic ar dung cac kén thac
vé lugng giacdé ching minh lt dang thic ching ta conisdung
nhiéu phrong phap khéac, trongésdd khong tk khong bét dén
phuong phap & dung tinh clat ham bi va Bat dang thrc Jensen. Sau
day l1a nmét sb bai toan ¢ bat dang thic luong giac trong tangiac ma
st dung tinh clat ham bi va Bit dang thrc Jensemré ching minh 1a
hiéu qua nhat.
Bai toan 3.1. ChoA, B, C la ba géc &a tam giac. Cinng minh &ng

tanf 2+ tarf B+ tarp Cx 1
2 2 2 9

Bai toan 3.2. Cho n |a & nguyén dong.
al Ga st 0< @, <, 0i =1,...,n. Ching minh &ng

sinay + sindp + ..+ siw, _ . a1+dp+ tay
n n
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b/ Gia sir —gs a; SLZT, 0i =1,...,n. Ching minh &ng

CoIn + COBp + .t CO% _ O+ dp+ +ay
n -_— ~J n .

c/ Gia st 0<a; <7—2T, 0i =1,...,n. Ching minh &ng

tana; + tana, + ..+ tamy
n

A +a-+ .+a
N >tan—1—2 n,

Nhgn xét 3.1. Tir bt ding thic trén ta suy ra 61 loat cac lt ding
thic co ban sauday trong tam giac. Trong tam gia®BC (A, B, Cla

ba goc) ta cé

a/ sin A+ sinB+ sin@ﬁ b/siné+ sin—B+ sings§
2 2 2 2 2
c/ cosé+ cos§+ cosqsﬁ d/tané+tan—B+ taﬂEZ\/é
2 2 2 2 2 2 2

e/ cosA+ cosB cos@g f/tan A+ tan B+ tanCG 3\/5

d6i vai cau e, fABC la tamgiac nhon)
Bai toan 3.3.
a/ Cho0< x <, 0i=1,...,n. Ching minh &ng

1 1 1 n
+ +..+ >

siny  sinx sing g, XatXet ot h

b/ Cho—]—2T<xi <7—2T, 0i=1,...n. Ching minh &ng
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1 1 1 n
+ +...+ >

COSX COSX COSX ot Xt - F %
n

¢/ Cho0<x <, Oi=1,...,n. Ching minh &ng

1 1 1 n
+ +...+ > .
sixsif g sif g gttt
n

Nhgn xét 3.2.Tur bt ding thic trén ta suy ra 6 loat cac kit ding
thic co ban sauday trong tam giac. Trong tam gia&BC (A, B, Cla
ba gbc) ta cé

_1 + _1 + 1 >2/3 b/ 1 + 1 + 1 >6 (AABC nhon)
sinA sinB sinC CosA cosB cosC

1 1 1 1 1 1
c/ + +——=26 d/ g C22\/§

A . B . A
sin— sin_  sin_ COS_ COS_  COS.
2 2 2
1

2 2 2

e/1+1+124f/ +1+1212

. 2 - -
sinf A sirf B sif C Smg\ s B SirF(Z:

Bai toan 3.4. Ching minh &ng trong mi tam giacABC ta co
siné+ sin—B+ sin9+ tan—A+ taH—B+ taH92x/§+§.
2 2 2 2 2 2 z
Nhdn xét 3.3. Nho phrong phap hamdi ta ching minhduoc bit
dang thic d4 cho. Trong khi ta c6 halibdang thic ngroc chiéu sau:
tan + tant + tans 243 va sine + sint + sinc <.
2 2 2 2 2 2 2

Ta khong c6 phépong hai kit ding thrc ngroc chiéu nay.
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Bai toan 3.5. (Xem [7]) ChoA, B, C la ba goc @a tam giac npn
AABC. Ching minh &ng

(sin A" (sinB "8 ( sinG*"% (gjz

3.1.2 Ching minh hit déing thiec dai so

Ching minh It dang thic n6i chung va 4t dang thic dai sb noi
riéng la ndt phan quan tong trong gido trinh & va hoc mon toany
truong pto thdng. Co6 4t nhiéu phrong phapdé chang minh kit diang
thire dai s nhung trong pAn nay toi trinh bay cachirsiung Bit dang
thic Jensendé ching minh [t dang thic dai sd. Tat nhiéndd la
nhitng kit ddng thrc ma dung Bt dang thic Jenseré ching minh la
hiéu qua nhat.
Bai toan 3.6. Choa, b, ¢, > 0 Chrng minh

a ., b L C 2§ .
b+c cta atb 2

Bai toan 3.7.(Xem [2]) Cho ham& y = f(x) 1a ham i trén (a, b).

Gia st %, %0(a b. Véi x<x la hai  cho twéc. Dat

& =r(X—%), 0<r<l. Xét ham & F(r)=f(x +&)+f(x—&).

Ching minh &ng a/ Nu 1y, rZD(O,%], r<rothi F(r)2F(ry).

o U 1y, rZD[%,l), r<r, thi F() <F(r,).
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Nhdn xét 3.4. Tu Bai toan 3.23 &i viéc chpn ham f (x) va cac gia
tri r;, r, thich lp taduoc cac bai toand/bit dang thic quan tong,
ching han ta xét Bai toan 3.8 va 3.9.
Bai toan 3.8. Choa, bla cac 8 thyc tly y. Ching minh &ng

(4a+bj2 (4b+ ajz (2a+ bjz (2b+ ajz ( ar 32
5 5 3 3 2
(a+2bj2 (2a+ bjz (2a+ 3bj2 (2b+ 3?2 ( a tjz
b/ + 2 + =2 .
3 3 5 5 2
Bai toan 3.9.Choa, bla cac é duong tly y. Cling minh It dang

i 1 1 S 1 1 S 2
thire Sauﬁ(\/%+b+\/a+4bj_\@(\/2a+ b+\/ ar ZJ_\FZ\/?l'

Bai toan 3.10. Gia St &, &, ..., & = 1. Ching minh &ng

1 1 1 n
+

+..t 2 .
1+ 1+a 1+ a3, 1+Jaa,..3,

Nhgn xét 3.5. trong ndt sd bai toan cling minh [t dang thrc dai sb

gom ba bén, dra vaodiéu kién cia bai toan chiing ta coélthuyén
bt dang thrc dai so vé bat ding thic luwong gidc quen thic bing
cachdat an phu. Ching han, xét Bai toan 3.11 va 3.12

Bai toan 3.11. Cho0<x, y, z<1thoa manxy+ yz+ zx1.

Ching minh &ng X2+ y2+ 2223\/‘73.
1-x= 1-y° 1-z 2

Bai toan 3.12. Cho0<x, y, z thba mdnx+ y+ z= Xy

1 1 3

s 1
Chirng minh &ng + + <—.
\/1+ X2 \/1+ y2 \/1+ Z 2
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3.2 Céac bai toan &p dng tinh chit ham [6i va bit déing thirc
Karamata
3.2.1 Ching minh hit ding thiec lwong giac ding khongdoi xing
NGi dén bit ding thic luong giac trong tam giac ching tartimg
gap bit dang thic & dang ddi xang ddi véi cac gia t luong giac
trong tam giac. Saday la ndt s bai toan Bt dang thic luong giac
trong tam giac khongdi xing. Trong pAn nay ta & dung cac ki
hiéu sau :
M (A) la tp hop tit ca cac AABC ké ca tam giac suy Bn, tic
A=20,B=0, C=0 va A+B+C=7. Ta @i cac tam giac thic

M (A) la cac tam giac suyng.

N(A) la tp hop tit ca cac AABC thoa 0< A, B, C<

Ny
<
Q_)/

A+B+C=7
P(A) 1a tip hop tt ci cac AABC thoa 0< A, B, CS]—ZT va

A+B+C=m haic A=m, B=C=0

Bai toan 3.13. ChoO<a, 83, y<1vatam giac nbn ABC. Tim gia
tri nho nhat ciadang thic M =atanA+ S tan B+ y tanC.

Dé giai Bai toan 3.13 tréc tién ta cling minh 1 dé sau

Bé d@é 3.1.(Xem [4]) Cho ham& f(t) c6 f (t)>0, f ¢)=0, Xt .

Khi d6 voi moi X Y, Z %, ¥, g1 thoa manx+y+z= %+ p+ 3

thi ding thic M=— )+ 1O L 1@ 4t 4uoc gia ti nho nhét 1a
f(x) fvo f(z)
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) , f(yo) , f(2)
f(x) f(yo) f(2)
Bai toan 3.14. Cho a, 5, y>0 AABCL RA). Tim gia ti I6n nhit

khi x=X5, Y= Yo, = %.

va nhd nhit ciadiang thic M =asinA+ SsinB+ y sinC.
Pé giai Bai toan 3.14 tréc tién ta cling minh B dé sau.
Bé dé 3.2.(Xem [4]) Cho ham& f(t) c6 f (t)>0, f ¢)<0,0t00 .

Khi @6 voi moi X, y, z %, ¥, g0 thoa manx+y+z=x+ ¥+ 3

thi dang thic M = f.(x) + f(y) + f(z) dat dugc gid ti 16n nHit &
f(x) fvo f(z)

) , f(yo) , f(2)
fFx) Fyo) f(2)
Bai toan 3.15. Choa, B, y> 0 va tam gidcABC N(A) . Tim gi&

khi x=X5, Y= Yo, Z= %.

tri I6n nhit va nkd nhat caa dang thic
M =acosAt+ [ cosB y cosl.
Dé giai bai toan 3.15 tréc tién ta cling minh hai B dé sau:
Bé dé 3.3.(Xem [4]) Cho ham& f (t) co f (t)<0, f ()<O0, CtO0 .

Khi d6 voi moi X, Y, Z %, ¥. 300 thoa ménx+y+z= y+ y+ 3

thi ding thic M =— )+ TO) o T3 4t quoc gia ti nho
f(x) f(yo) f(2)

nhit1a %), f(yo) | 1(2o)
fx) f(vo) f(z)

Bé dé 3.4.(Xem [4]) Cho cac&duong X, y, z thoa manx= y= z.

khi x=x5, Y= Yo, = 3.

Khi d6 véi moi tam giac ABC ta c6
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XCOS A+ ycosB zcosE xcogA ycesB zcg.
Trongd6 Ay=max{ A,B,G , G=mi{ A B, ¢
Bai toan 3.16.(Xem [4]) Cho AABC. Tim gié ti nho nhit caa biéu

2+*/Etané+—?’tan5+ 2_\/_3tang.
2 2 2 2

Bai toan 3.17.Cho AABCO RA). Tim gia ti 16n nhit va gia ti nho

thae M =

nhit cia bidu thic M =+/2sinA+ 2sinB+ (/6++/2) sinC.
Bai toan 3.18. Cho tam giacABCL N(A). Tim gia ti lon nHit va
gia tri nho nhat caa biéu thac

M =/2c0sA+ -2 cosB «6-+/2) cost.

V3
3.2.2 Ching minh hit ding thirc dai sb
Bai toan 3.19(Xem [6]) Choa, &, ..., & > 0. Ching minh &ng
2 2 2
2l a an
A+a)1+ay)...(1+ &, )s[1+—J( B—J g .
? a a3 Cl

Nhgn xét 3.6. TrongBai toan 3.19 véc chon ham f (x) ¢ tte tao ra

cac bai toan khac nhau,aty han f (x) =V1+€* taco

2 2 2
[ra+lray+. .+ g s v+ 624+ 4[5S
8 &

2]

Bai toan 3.20.Cho &, &, ..., & > 0. Ching minh &ng

3 3 .3
a

A +2,%5 52,24 492

a 8
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KET LU AN

Qua mt thoi gian nghién ¢u, luin vin duoc trinh bay cé &
théng kién thic V& ham bi, bat ddng thic vé ham 16i va cac bai toan
bit dang thic rat quen théc trong chlrong trinh toan pé thong,
trong d6 quan tamién tng duing aia Bat ding thic Jensen va 8
dang thic Karamata. Lén van da duoc hoan thanh va dat duoc két
qua chinh cua luan van “ Ham 16i va mt sb bdt ding thiec”

Trong clrong 1 tac gi trinh bay kén thic v& ham bi.

Trong clrong 2 tac di trinh bay Ht dang thic Jensen vaing
dung nédé ching minh nét sb bt dang thrc théng dng nhr: Bat
dang thic Cauchy, Bunhiakopski, Holder,...Sa6 trinh bay Bt
dang thrc Karamata, @t sb dinh Ii, 46 gan déu trong tam giac va
ng ding n6dé chig minh nét s bai toan lién quan.

Trong clrong 3 tac gi trinh bay c6 & thdng cac bai toandvbat
dang thic luong giac trong tam giac,abdang thic dai sb so cap
théng ding trong clrong trinh toan bc phb théng,tac gia dung kén
thirc lién quandén tinh chit ham 16i, Bat dang thic Jensen va &
dang thrc Karamataté chang minh.

Mic du trong qué trinh lam 4o vin, tac gh ¢4 c6 nhéu ©5 ging
nhung khong th viét hét tat ca cac y trong lién quandén noi dung
cua luan van. bac biét mot sb bai toan éng quét, cadinh Ii chradua
duoc nhiu vé céc bai toanwcthé théng ding duoc. Hy vong trong
thoi gian i tAc gi S5 giai quyét cac in dé nay ton ven hon.

Tac gh mong min luan van s phuc wu thiét thuc cho véc day va

hoc tai trudng pro théng,o hién tai ciing nhr tuong lai.



